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Abstract
We discuss higher-dimensional gravitational instantons by studying appropriate self-
duality equations for the spin connection. In seven and in eight dimensions, the
corresponding spaces admit a covariantly constant spinor and, consequently, have
holonomies in G2 and Spin(7), respectively. We find a non-compact solution to
the self-duality equations in eight dimensions in which the self-dual space has an
elliptically-fibered structure.
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1. Introduction
Four-dimensional gravitational instantons [1] have been constructed long-ago and like
their Yang-Mills ancestors, they are of finite action and provide tunnelling amplitudes for
distinct gravitational vacua [2]. In the supergravity context, gravitational instantons break
half of the supersymmetries. For example, for a self-dual background in the N = 2 theory,
only the left-handed supersymmetry survives. The broken one generates fermionic zero
modes and give mass to the right-handed gravitino. Of course, none of these backgrounds
is asymptotically Euclidean as follows from the positive action conjecture [3]. According to
the latter, the action S for any asymptotically Euclidean space with everywhere vanishing
Ricci scalar satisfies S ≥ 0 where the bound is saturated for flat space. However, this does
not exclude the existence of asymptotically locally Euclidean (ALE) spaces. Making use of
the latter possibility, instanton solutions have been constructed [1],[4].
Yang-Mills instantons exist in higher dimensions as well [5]–[9]. For example, instantons
in seven dimensions with gauge group G2 [9] and in eight dimensions with gauge groups
SO(8) [6] and SO(7) [7] have been found. Their construction started after it was realized
that a higher-dimensional analog of the ordinary four-dimensional self-duality condition
may be written down [5]. This condition is based on the octonionic algebra and leads
to solutions similar to the standard four-dimensional Yang-Mills instantons. It also pro-
vides superstring solitonic configurations, the octonionic strings, which preserve 1/16 of the
space-time supersymmetries so that the world-sheet action has (0, 1) supersymmetry [11].
In this case, although the metric is asymptotically flat, the fields do not fall fast enough to
give a finite ADM mass per unit length to the octonionic string. This divergence, however,
is in the infrared and it is of the type already encountered in the four-dimensional axionic
string. Similarly, supermembrane solitonic solutions, the octonionic membranes, exist as
well [12]. Here, the antiself-dual solution is asymptotically flat and has finite ADM mass
while the self-dual one is not asymptotically flat. However, both solutions break all of the
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space-time supersymmetries.
Recently, the octonionic self-duality condition has also been formulated for the super-
membrane [13],[14]. It has been used to exploit non-perturbative aspects of the vacuum
by studying Nahm-type equations for the tunnelling processes between classical superme-
mbrane configurations [15]. In seven dimensions, it has been shown that only one su-
persymmetry survives, while in three dimensions eight supersymmetries are preserved by
the self-dual supermembrane configuration [16]. It is also likely that octonionic monopole
solutions to a Bogomolnyi equation should exist. The octonionic algebra has also been
employed in the compactifications of the eleven-dimensional supergravity on the round
and squashed seven sphere with or without torsion [18]. Moreover, generalised self-duality
equations for the p-forms have recently been discussed [17].
The close resemblance of Yang-Mills and gravitational instantons in four-dimensions
leads to search for higher-dimensional gravitational instantons as well. Such a programme
has not yet been carried out as far as we know, although some related work had already
appeared [19]. Here, we will take first steps towards a systematic approach to these higher
dimensional gravitational instantons. We will mainly study eight-dimensional spaces with
“self-dual” connection although a brief discussion for the seven-dimensional case will be
given. We will see that manifolds which satisfy an appropriate self-duality condition in
eight (seven) dimensions have holonomy in Spin(7) (G2) and this gives a systematic way of
constructing such spaces by solving appropriate first-order equations. Non-compact man-
ifolds of Spin(7) holonomy have first been constructed in [20] and compact ones as T 8
orbifolds in [21] after appropriate resolving the singularities. Superstring compactifications
on Spin(7) and G2 manifolds have first been discussed in [22] where the corresponding su-
perconformal algebras were given and latter in [23]. Here, by solving the eight-dimensional
self-duality condition we find a space with holonomy in Spin(7). It has an elliptically-
fibered structure where the base is a sphere and the fibres are three tori which degenerate
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at twenty-four points. Its four-dimensional counterpart is the stringy cosmic string [24].
In the following section, we will recall some results concerning the octonionic algebra
and its relation to SO(8). In section 3, we will discuss eight-dimensional self-dual manifolds
and in section 4, we will present a specific solution to the self-duality condition. Finally, in
section 5, we extend our results to seven dimensions.
2. Octonionic algebra
We will recall here some properties of the octonionic (Cayley) algebra O and its relation
to SO(8) which we will use in the sequel. We follow mainly [25],[26]. The octonionic algebra
is a division algebra, which means it has a non-degenerate quadratic form Q that satisfies
Q(xy) = Q(x)Q(y) and in addition Q(x) = 0 implies x = 0. The other division algebras
are the real R, complex C and quaternionic algebras. R, C are commutative, H is non-
commutative while O is neither commutative nor associative. A basis for O is provided by
the eight elements
1, ea, a = 1, . . . , 7, (1)
which satisfy the relation
eaeb = ψabcec − δab . (2)
It is similar to the corresponding relation obeyed by the quaternions (Pauli matrices). How-
ever, the latter satisfy the Jacobi identity as a result of the associativity of the quaternionic
algebra, while the octonions ea are not associative and do not satisfy the Jacobi identity.
The tensor ψabc is totally antisymmetric with
ψabc = +1 for abc = 123, 516, 624, 435, 471 , 673, 572. (3)
We may also define its dual ψabcd as
ψabcd =
1
3!
ǫabcdfghψ
fgh , (4)
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so that
ψabcd = +1 for abcd = 1245, 2671, 3526, 4273, 5764, 6431, 7531. (5)
They satisfy the relations
ψabcψdhc = δ
a
dδ
b
h − δ
a
hδ
b
d − ψ
ab
dh ,
ψabcdψehcd = 4
(
δaeδ
b
h − δ
a
hδ
b
e
)
− 2ψabeh ,
ψabcψdebc = −4ψ
a
de . (6)
The tensor ψabc can be assigned to an SO(8) representation Ψαβγδ, α, . . . = 1, . . . , 8 as
Ψαβγ8 = ψabc , Ψαβγδ = ψabcd , α = (a, 8) . . . , (7)
which is self-dual
Ψαβγδ =
1
4!
ǫαβγδζηθκΨ
ζηθκ , (8)
and belongs to one of the three different 35’s of SO(8) 35v, 35± (related by triality). It
satisfies the fundamental identity
ΨαβγδΨ
ζηθδ = (δζαδ
η
β − δ
ζ
βδ
η
α)δ
θ
γ + (δ
θ
αδ
ζ
β − δ
ζ
βδ
θ
α)δ
η
γ + (δ
η
αδ
θ
β − δ
θ
βδ
η
α)δ
η
γ +
Ψαβ
ζηδθγ +Ψαβ
θζδηγ +Ψαβ
ηθδζγ +Ψγα
ζηδθβ +Ψγα
θζδηβ +
Ψγα
ηθδζβ +Ψβγ
ζηδθα +Ψβγ
θζδηα +Ψβγ
ηθδζα . (9)
By contraction of the above identity we get
ΨαβγδΨ
ζηγδ = 6(δζαδ
η
β − δ
ζ
βδ
η
a) + 4Ψαβ
ζη , (10)
We may use the octonions ea to construct a representation of the SO(7) γ-matrices
according to
(γa)bc = iψabc , (γa)b8 = iδab , {γa, γb} = 2δab , (11)
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so that γab = 1
2
[γa, γb] are the SO(7) generators. We may also form the SO(8) γ-matrices
Γα = (Γa,Γ8) , α = 1, . . . , 8
Γa =

 0 iγa
−iγa 0

 , Γ8 =

 0 1
1 0

 , {Γα,Γβ} = 2δαβ , (12)
that correspond to the standard embedding of SO(7)v in SO(8). The latter is defined as
the stability subgroup SO(7) ⊂ SO(8) of the vector representation according to which we
have the decomposition
8v = 7+ 1 , 8± = 8 , (13)
where 8v, 8± are the vector and the two spinorial representations of SO(8). The SO(8)
generators Γab = 1
2
[Γa,Γb] satisfy the relations
Γab = ψabcΓ9Γ8c , ψabcdΓ
ab = −(4 + 2Γ9)Γcd , (14)
where, as usual, Γ9 =

 1 0
0 −1

 is the chirality matrix. It is not then difficult to verify
that the generators
Gαβ =
3
8
(
Γαβ +
1
6
ΨαβγδΓ
γδ
)
, (15)
leave the right-handed spinor η+ invariant
Gαβη+ = 0 . (16)
The stability group of η is again another SO(7), which we will denote by SO(7)+, according
to which
8v = 8 , 8+ = 7+ 1 , 8− = 8 . (17)
The singlet in the decomposition of 8+ corresponds to the null eigenspinor η of G
αβ in
eq.(16). This can be seen by considering the Casimir GαβGαβ which has a zero eigenvalue
for the 8+. If we had used in eq.(15) the second 35 of SO(8), the antiself-dual one, then
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Gαβ would annihilate the left-handed spinor η−. In this case, the stability group of the
latter is a third SO(7)− subgroup of SO(8) defined by
8v = 8 , 8+ = 8 , 8− = 7+ 1 . (18)
Again, Gαβ constructed with the antiself-dual 35 has a zero eigenvalue which corresponds
to the singlet in 8−. The three different SO(7) subgroups of SO(8), SO(7)v, SO(7)
± are
related by triality.
3. Spin(7) holonomy spaces
By dimensional reduction of the eleven-dimensional supergravity, other supergravity
theories are obtained. For example, reduction of the former on a three torus results in
the N = 2 eight-dimensional supergravity. The graviton multiplet contains the graviton,
an antisymmetric three-form, three two-forms, six one-forms and six scalars and a generic
vacuum configuration breaks all supersymmetries. As usual, when all fields vanish except
graviton, the condition for unbroken supersymmetry in a pure gravitational background is
that the gravitino shifts are zero, i.e.,
δψAµ =
(
∂µ −
1
4
ωαβµΓ
αβ
)
ηA = Dµη
A = 0 , (19)
where α, β, ... = 1, ..., 8 are world indices, µ, ν, ... = 1, ..., 8 curved space ones, A = 1, 2
counts the two supersymmetries of opposite chirality and ωαβµ is the spin connection. The
integrability condition of eq.(19) is
RαβµνΓ
αβηA = 0 , (20)
from which it follows, after multiplying by Γµ that such a background is Ricci flat. The
obvious solution of eq.(19) is flat space. We will see that there also exist non-trivial solutions
to eq.(19) beyond the trivial flat space.
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Let us suppose that the spin connection satisfies the “self-duality” condition
ωαβµ =
1
2
Ψαβγδω
γδ
µ , (21)
where Ψαβγδ is defined in eq.(7)
1. It is not then difficult to verify that the spinor ηA in
eq.(19) is necessarily right-handed and
δψµ = ∂µη
A −
1
2
ωαβµG
αβηA , (22)
where Gαβ has been defined in eq.(15). We see that the gravitino shifts vanish if ηA satisfies
eq.(16) which means that the background preserves 1/16 of the original supersymmetries.
The Killing spinor is invariant under SO(7)+ and thus, spaces with connection satisfying
eq.(21) have holonomy in Spin(7).
Eq.(21) is an eight-dimensional analog of the standard self-duality condition in four
dimensions where the quantity Ψαβγδ replaces by the totally antisymmetric symbol ǫabcd.
The corresponding solutions are the four-dimensional gravitational instantons. In this
respective, we will also call eight-dimensional manifolds with connection satisfying eq.(21)
in the Euclidean regime gravitational instantons. As we have already pointed out, the
holonomy group of such manifolds is in Spin(7). Alternatively, this can be seen as follows.
Let us recall that a manifold is of Spin(7) holonomy if and only if the Cayley four-form
[27]
Ψ = e1 ∧ e2 ∧ e3 ∧ e8 + e5 ∧ e1 ∧ e6 ∧ e8 + e6 ∧ e2 ∧ e4 ∧ e8 + e4 ∧ e3 ∧ e5 ∧ e8
+e4 ∧ e7 ∧ e1 ∧ e8 + e6 ∧ e7 ∧ e3 ∧ e8 + e5 ∧ e7 ∧ e2 ∧ e8 + e4 ∧ e5 ∧ e6 ∧ e7
+e2 ∧ e3 ∧ e7 ∧ e4 + e1 ∧ e3 ∧ e5 ∧ e7 + e1 ∧ e3 ∧ e5 ∧ e7 + e1 ∧ e2 ∧ e7 ∧ e6
+e2 ∧ e3 ∧ e5 ∧ e6 + e1 ∧ e2 ∧ e4 ∧ e5 + e1 ∧ e3 ∧ e4 ∧ e6 , (23)
1A relation of the form ωαβµ = λΨαβγδω
γδ
µ is consistent for λ = 1/2,−1/6 as can be verified by
multiplying both sides by Ψαβζη and using eq.(10). Here we will consider only the case λ = 1/2.
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where eα, α = 1, . . . , 8 is an orthonormal frame (the metric is
∑
i e
i ⊗ ei in this frame), is
torsion free, i.e., if it is closed
dΨ = 0 . (24)
In this case, the manifold is Ricci flat. The Cayley form Ψ is self-dual and, in addition,
it is invariant under Spin(7). It is the singlet in the decomposition of the 35+ in the
non-standard embedding of SO(7) in SO(8) given in eq.(17) according to which
35v = 35 , 35+ = 1+ 7+ 27 , 35− = 35 . (25)
In order to prove now that manifolds with connection that satisfies eq.(21) are of Spin(7)
holonomy, let us observe that the Cayley four-form Ψ can actually be written as
Ψ =
1
4!
Ψαβγδe
α ∧ eβ ∧ eγ ∧ eδ . (26)
It is not difficult then to verify by using eq.(9) and the structure equations
deα + ωαβe
β = 0 , ωαβ = ω
α
βµdx
µ ,
that, if the spin connection satisfies eq.(21), the Cayley form Ψ is indeed closed. Thus, man-
ifolds whose connection satisfies the “self-duality” condition eq.(21) are Ricci flat Spin(7)
manifolds.
4. Eight-dimensional gravitational instantons
Our aim is to construct manifolds of Spin(7) holonomy by solving eq.(21). By choosing
one direction, the eighth say, eq.(21) is written as
ω8r = −
1
2
ψrpqω
pq . (27)
The rest of the equations, namely,
ωpq =
1
2
ψpqrsω
rs − ψpqrω
r8 , (28)
–10–
are automatically satisfied if eq.(27) holds. The self-duality conditions are then explicitly
written as
ω81 = − (ω23 + ω65 + ω47) , ω82 = − (ω31 + ω46 + ω57) ,
ω83 = − (ω12 + ω54 + ω67) , ω84 = − (ω62 + ω35 + ω71) ,
ω85 = − (ω16 + ω43 + ω72) , ω86 = − (ω51 + ω24 + ω73) ,
ω87 = − (ω14 + ω36 + ω25) , (29)
The obvious solutions to the above equations are spaces of the formM1×M2 whereM1,M2
are four-dimensional manifolds of self-dual or antiself-dual connections. However, other
solutions exist as well. Here we will present a space with metric
ds2 = R2(dx21 + dx
2
2) + V
2 (dx3 + 2Adx8)
2 + U2dx28 + (30)
E2 (dx4 + 2Bdx5)
2 +G2dx25 +H
2dx26 + F
2 (dx7 + 2Cdx6)
2 ,
where R, V,A, U, E,B,G, F, C,H are functions of x1, x2 only and they will be specified by
solving eqs.(29). We may introduce the orthonormal basis
e1 = Rdx1 , e
2 = Rdx2 , e
3 = V (dx3 + 2Adx8) , e
4 = E(dx4 + 2Bdx5) ,
e5 = Gdx5 , e
6 = Hdx6 , e
7 = F (dx7 + 2Cdx6) , e
8 = Udx8 , (31)
in which the metric is ds2 =
∑
(ei)2. In this base, the non-zero components of the connection
are
ω12 =
1
R2
∂2Re
1 −
1
R2
∂1Re
2 , ω31 =
V
RU
∂1Ae
8 +
1
RV
∂1V e
3 ,
ω32 =
V
RU
∂2Ae
8 +
1
RV
∂2V e
3 , ω41 =
E
RG
∂1Be
5 +
1
RE
∂1Ee
4 ,
ω42 =
E
RG
∂2Be
5 +
1
RE
∂2Ee
4 , ω51 =
1
RG
∂1Ge
5 +
E
RG
∂1Be
4 ,
ω52 =
1
RG
∂2Ge
5 +
E
RG
∂2Be
4 , ω61 =
1
RH
∂1He
6 +
F
RH
∂1CFe
7 ,
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ω62 =
1
RH
∂2He
6 +
F
RH
∂2CFe
7 , ω71 =
F
RH
∂1Ce
6 +
1
RF
∂1Fe
7 ,
ω72 =
F
RH
∂2Ce
6 +
1
RF
∂2Fe
7 , ω81 =
1
RU
∂1Ue
8 +
V
RU
∂1Ae
3 ,
ω82 =
1
RU
∂2Ue
8 +
V
RU
∂2Ae
3 , ω83 =
V
RU
∂1Ae
1 +
V
RU
∂2Ae
2 ,
ω54 =
E
RG
∂1Be
1 +
E
RG
∂2Be
2 , ω67 =
F
RH
∂1Ce
1 +
F
RH
∂2Ce
2 . (32)
where ∂1 = ∂/∂x
1, ∂2 = ∂/∂x
2. Substituting the above expressions in eq.(29), we get that
V =
1
U
, E =
1
G
, F =
1
H
, R = UHG . (33)
In addition, the functions 2A,U2, 2B,G2, 2C,H2 satisfy the Cauchy-Riemann equations
∂1U
2 = 2∂2A , ∂1G
2 = 2∂2B , ∂1G
2 = 2∂2B ,
∂2U
2 = −2∂1A , ∂2G
2 = −2∂1B , ∂2G
2 = −2∂1B , (34)
and the metric is then written as
ds2 = U2G2H2(dx21 + dx
2
2) + U
−2 (dx3 + 2Adx8)
2 + U2dx28 + (35)
G−2 (dx4 + 2Bdx5)
2 +G2dx25 +H
2dx26 +H
−2 (dx7 + 2Cdx6)
2 .
We may now introduce complex functions
τ = 2A+ iU2 , σ = 2B + iG2 , ρ = 2C + iH2 , (36)
so that eqs.(34) are satisfied for holomorphic τ = τ1 + iτ2, σ = σ1 + iσ2, ρ = ρ1 + iρ2,
τ = τ(z) , σ = σ(z) , ρ = ρ(z) , (37)
where z = x1 + ix2. Then, the metric turns out to be
ds2 = τ2σ2ρ2|h(z)|
2dzdz¯ +
1
τ2
|dx3 + τ(z)dx8|
2 +
1
σ2
|dx4 + σ(z)dx5|
2 +
1
ρ2
|dx7 + ρ(z)dx6|
2 , (38)
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where h(z) is an arbitrary holomorphic function of z. From eq.(36) we see that τ, σ, ρ
belong to the upper half plane and thus each parametrize an SL(2,R)/U(1) coset space.
In fact, the metric is invariant under SL(2,R)×SL(2,R)×SL(2,R) which acts as
τ →
aτ + b
cτ + d
, x3 → −bx8 + ax3 , x8 → dx8 − cx3 ad− bc = 1 ,
σ →
kσ + ℓ
mσ + n
, x4 → −ℓx5 + kx4 , x5 → nx5 −mx4 , kn− ℓm = 1 ,
ρ→
pρ+ r
sρ+ q
, x6 → qx6 − sx7 , x7 → −rx6 + px7 , pq − rs = 1 . (39)
For periodic x3, . . . , x8, the transverse space to the z-plane is a product of three T
2. In that
case, we may view τ, σ, ρ as the modulus of the tori if we restrict them to the fundamental
domain of SL(2,Z). Under the latter they transform as
τ → τ + 1 , τ → −
1
τ
, σ → σ + 1 , σ → −
1
σ
, ρ→ ρ+ 1 , ρ→ −
1
ρ
. (40)
The holomorphic functions τ(z), σ(z), ρ(z) will have certain singularities in the z-plane
which can be interpreted as magnetic sources. In that case, as we go around these singu-
larities we will have the SL(2,Z) jumps τ → τ + 1, σ → σ + 1, ρ→ ρ+ 1 [24],[28] so that,
if the singularities of τ, σ, ρ are at zτi , z
σ
i , z
ρ
i , respectively,
τ ∼ −
i
2π
log(z − zτi ) , σ ∼ −
i
2π
log(z − zσi ) , ρ ∼ −
i
2π
log(z − zρi ) . (41)
The metric (38) is SL(2,Z) invariant if h(z) in eq.(38) has certain modularity properties
without zeroes in the fundamental domains. This uniquely specifies
h(z) = η(τ)2η(σ)2η(ρ)2 , (42)
up to a modular invariant holomorphic function, where
η(τ) = q1/24
∏
n
(1− qn) ,
is the Dedekind’s function (q = exp(2πiτ)). However, since q ∼ (z − zi), we have that
η(τ)2η(σ)2η(ρ)2 ∼
(
(z − zτi )(z − z
σ
j )(z − z
ρ
k)
)1/12
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and thus instead of eq.(42) we should take
h(z) = η(τ)2η(σ)2η(ρ)2
Nτ ,Nσ,Nρ∏
i,j,k=1
(z − zτi )
−1/12
(
z − zσj
)−1/12
(z − zρk)
−1/12 , (43)
where Nτ , Nσ, Nρ are the number of singularities of τ, σ, ρ, respectively. As usual, we must
have Nτ + Nσ + Nρ = 12 in order that no conical singularities appear. In this case, the
z-plane is asymptotically a cylinder and if Nτ +Nσ +Nρ = 24, we have a sphere [24].
5. Comments
We have discussed here eight-dimensional self-dual spaces. As we have seen, such spaces
have holonomy in Spin(7). In a sense, they generalize the four-dimensional self-dual mani-
folds which are of SU(2) holonomy. We have presented a space with a self-dual connection
and an elliptically-fibered structure. The base is a sphere and the fibres are three tori. The
tori degenerate at a total number of twenty-four points in the same way as in the stringy
cosmic string solution [24],[28].
It should be noted that a self-duality condition can also be written down in seven
dimensions as
ωab = λψabcdω
cd , (44)
where ψabcd have been defined in eq.(4) and λ = 1/2,−1/4. In this case, spaces with
connection satisfying the above equation are of holonomy in G2. This can be seen by
recalling that for the G2 case, the Cayley four-form is replaced by a three form Φ and its
dual ∗Φ which turn out to be
Φ =
1
3!
ψabce
a ∧ eb ∧ ec , ∗ Φ =
1
4!
ψabcde
a ∧ eb ∧ ec ∧ ed . (45)
The condition of G2 holonomy then reduces to the closure of Φ, ∗Φ. Indeed, it is not difficult
to prove that for spaces with connection satisfying eq.(44), Φ and ∗Φ are closed.
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Spaces of G2 holonomy are relevant for M-theory compactifications. They give rise to
N=1 in four-dimensions and they are the counterparts of CY compactifications of string-
theory. As have been pointed out in [29], G2 holonomy spaces can be constructed from
CY threefolds as the quotient (CY3 × S
1)/π where π acts as a complex involution on CY3
and as x → −x on S1 and then appropriately resolving the singularities. Non-compact
examples have been constructed in [20].
An interesting open problem, mentioned also in [21], is the construction of eight-
dimensional ALE spaces. For example, there should exists a higher-dimensional analog
of the Eguchi-Hanson solution which is the simplest case of the four-dimensional ALE
spaces with SU(2) holonomy. Such manifolds, as well as ALE spaces of SU(n) holonomy,
have extensively been studied. However, nothing is actually known about ALE spaces of
Spin(7) of G2 holonomy. We believe, that there should exist solutions to the self-duality
condition eq.(21) which will correspond to such spaces.
References
[1] S.W. Hawking, Phys. Lett. A 60 (1977)81.
[2] For a review see, T. Eguchi, P.B. Gilkey and A.J. Hanson, Rhys. Rep. 66 (1980)213.
[3] G.W. Gibbons, S.W. Hawking and M.J. Perry, Nucl. Phys. B 138 (1978)141.
[4] T. Eguchi and A.J. Hanson, Phys. Lett. B 74 (1978)249;
G.W. Gibbons and S.W. Hawking, Phys. Lett. B 78 (1978)430.
[5] E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, Nucl. Phys. B 214 (1983)452.
[6] B. Grossman, T. Kephart and J.D. Stasheff, Commun. Math. Phys. 96 (1984)431.
[7] D.B. Fairlie and J. Nuyts, J. Phys. A 17 (1984)2867;
S. Fubini and H. Nicolai, Phys. Lett. B 155 (1985)369.
–15–
[8] T.A. Ivanova, Phys. Lett. B 315 (1993);
T.A. Ivanova and A.D. Popov, Lett. Math. Phys. 24 (1992)85; Theor. Math. Phys. 94
(1993)225.
[9] M. Gu¨naydin and H. Nicolai, Phys. Lett. B 351 (1995)169; B 376 (1996)329, hep-
th/9502009.
[10] L. Baulieu, H. Kanno and I.M. Singer, “Special quantum field theories in eight and
other dimensions”, hep-th/9704167.
[11] J.A. Harvey and A. Strominger, Phys. Rev. Lett. 66 (1991)549.
[12] M.J. Duff, J.M. Evans, R.R. Khuri, J.X. Lu and R. Minasian, Phys. Lett. B 412
(1997)281, hep-th/9706124.
[13] T. Curtright, D.B. Fairlie and C. Zachos, Phys. Lett. B 405 (1997)37.
[14] D.B. Fairlie and T. Ueno, “Higher dimensional generalizations of the Euler top”, hep-
th/9710079
T. Ueno, “General solution of 7-D octonionic top equation”, hep-th/9801079.
[15] E.G. Floratos and G.K. Leontaris, Nucl. Phys. B 512 (1998)445, hep-th/9710064;
E.G. Floratos, G.K. Leontaris, A.P. Polychronakos and R. Tzani, “On the instanton
solutions of the selfdual membrane in various dimensions”, hep-th/9711044.
[16] E.G. Floratos and G.K. Leontaris, “ A note on the supersymmetries of the self-dual
supermembrane”, hep-th/9802018.
[17] L. Baulieu and C. Laroche, “On generalized self-duality equations towards supersym-
metric quantum field theories of forms”, hep-th/9801014.
[18] M.J. Duff and C.N. Pope, “Kaluza-Klein supergravity and the 7-sphere”, in Supergrav-
ity ’82, eds. S. Ferrara, J.G. Taylor and P. van Nieuwenhuizen, World Scientific, 1983;
–16–
M.J. Duff, B.E.W. Nilsson and C.N. Pope, Phys. Rev. Lett. 50 (1983)2043; Errata 51
(1983)846;
F. Englert, M. Rooman and P. Spindel, Phys. Lett. B 130 (1983)50;
F.A. Bais, H. Nicolai and P. van Nieuwenhuizen, Nucl. Phys. B 228 (1983)333.
[19] B.S. Acharya and M. O’Loughlin, Phys. Rev. D 55 (1997)4521, hep-th/9612182.
[20] R. Bryant, Ann. Math. 126 (1987)525.
[21] D. Joyce, Invent. Math. 123 (1996)507.
[22] S. Shatashvili and C. Vafa, Selec. Math. 1 (1995)347, hep-th/9407025.
[23] J.M. Figueroa-O’Farrill, Phys. Lett. B 392 (1997)77, hep-th/9609113.
[24] B.R. Greene, A. Shapere, C. Vafa and S.T. Yau, Nucl. Phys. B 337 (1990)1.
[25] M. Gu¨naydin and F. Gu¨rsey, J. Math. Phys. 14 (1973)1651;
R. Du¨ndarer, F. Gu¨rsey and C.H. Tze, J. Math. Phys. 25 (1984)1496.
[26] B. de Wit and H. Nicolai, Nucl. Phys. B 231 91984)506.
[27] S.M. Salamon, “Riemannian geometry and holonomy groups”, Pitman Res. Notes in
Math. 201, Longman, 1989.
[28] A. Kehagias “N=2 heterotic cosmic strings”, hep-th/9611110.
[29] D. Joyce, J. Diff. Geom. 43 (1996)291; 43 (1996)329.
